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Abstract
Bearing life is assumed to encounter randomness driven by a Weibull-like statistical distribution. Typical reliability level taken as performance characterization of rolling bearings is the L10 life (10% of failure among a large
bearings population). Business wise, quantitative estimates of higher reliability levels (below L10) are of importance for an increasing number of applications, thus they need then to be investigated further. This article aims
are twofold (i) to describe the various ways to give quantitative estimation of high reliability levels depending on
the available information (test data, prior knowledge), (ii) the level of confidence needed together with the estimation techniques (extrapolation, confidence bounds) and the statistical model applied for the life distribution
(Weibull 2, Weibull 3). Practical recommendations are also derived to offer guidelines and limitations when confronted to either realistic (size-wise) data sets or extrapolation requests from standard L10 calculations.
Bearings, Bearing Life, Reliability Analysis, Bearing Testing, Weibull Analysis

1. Introduction
Rolling bearings are machine components that are subjected to rolling contact fatigue (RCF) which is a type of
very high cycle fatigue (VHCF). They might reach their end of life with damage originated from surface or subsurface mechanisms [1]. It is well known that seemingly equal bearings running at seemingly equal operating
conditions in a machine can produce very different individual lives, this is because small variations in the material
micro-structure, geometry and surface finishing from manufacture, particles in the contact or small variations in
the operating conditions can have a very large effect in the performance of the individuals. This is why the bearing
life of an individual rolling bearing is considered as a random variable [2]. Pioneering and recent bearing life
models used in industry [1, 3, 4, 5, 6, 7] apply a combination of physical principles (RCF, Tribology) and statistics,
usually a Weibull statistical model [8]. These models attempt to predict the bearing life of populations of seemingly
equal bearings under seemingly equal operating conditions with a certain reliability value. Thus the 𝐿𝐿10 life is the
life that 90% of a large population of bearings will achieve (also named as 90% reliability).
It has been demonstrated in the past [3, 4, 9] that a good reliability level that can be verified accurately with
endurance testing of rolling bearings in a frame of good economic sense, is indeed the 90 % reliability. The standard ISO 281 in its 1999 version included only up to 99 % reliability values. But in the 2007 version [7] this was
increased until 99.95 %.
In a wider machine design perspective, so far only rolling bearings are designed considering quantitative reliability
levels. Other machine components like gears or cam-followers do not yet benefit form a physics-probabilistic life
calculation, only recently this idea for gears was again revived [10]. However the idea of using much higher reliability than 90% for bearings as response of complete system failures in the field could be dangerous. Since this
is based on faith in the accuracy of higher reliability calculation values stated in the ISO 281 [11]. This aspect is
already open for consideration in system design standards [12]. Therefore, it is important to investigate the accuracy and correctness of extrapolating reliability factors obtained in medium reliability values for the life of rolling
bearings to very high reliabilities.
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The article is structured as follows. Section 2 gives the background on the high reliability factor used in the ISO.
Section 3 computes the precision of the different methods, also assessing their robustness towards assumptions.
Section 4 gives practical recommendations in case a high reliability is requested. Details on the different statistical
distributions used to model bearing life are given in Appendix A. Extrapolation factors that could be used for high
reliability levels are discussed in Appendix B.
1.1. Objective of the Present Article
To investigate the accuracy and correctness of extrapolating reliability factors obtained in medium reliability values for the life of rolling bearings to very high reliability levels. Where quantitative boundaries for such extrapolations are derived, concrete recommendations are set and comparisons between different statistical distributions
are done. This article can then serve as rules for such extrapolations based on statistical analysis and extensive
Monte Carlo simulations. In the current literature, this aspect has been neglected and therefore, this aspect is novel
and makes the contents of this article critically important.

Nomenclature:
Notation

Definition

𝑎𝑎𝐼𝐼𝐼𝐼𝐼𝐼

Life modification factor, based on a systems approach of life calculation

L

Life random variable

η

Weibull statistics scale parameter

β

Weibull statistics shape parameter

Lp

General life percentile

L10

10th Life Percentile

L0

Minimum life

α

Ratio L0/L10

L10,X

Xth confidence bound on L10 (X% chance to have the true L10 below)

2. Derivation of the Reliability Factor for Life in Rolling Bearings
The ISO/TR 1281-2 [7] describes in more detail the introduction of the reliability factor for life calculation in
rolling bearings called 𝑎𝑎1 , which is applied in the modified bearing life equation as follows:
𝐿𝐿𝑝𝑝 = 𝑎𝑎1 𝑎𝑎𝐼𝐼𝐼𝐼𝐼𝐼 𝐿𝐿10

(4)

Allowing for the calculation of the 𝐿𝐿𝑝𝑝 life (bearing life with 𝑆𝑆 = 100 − 𝑝𝑝 [%] reliability) from the L10 life value
(bearing life with 90% reliability). A table of values for 𝑎𝑎1 respect to 𝑆𝑆 is given up to value of 𝑆𝑆 = 99.95, thus up
to L0.05. This represents very high reliability. Up to what point this is still valid or accurate? In this paper, answers
to these questions are explored. For that it is necessary to understand the derivation given in [7] for this parameter.
Starting from a 3-parameter Weibull distribution (see Appendix A):
𝐿𝐿𝑝𝑝 − 𝐿𝐿0
=
𝐿𝐿10 − 𝐿𝐿0
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(5)
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Based on the extensive data pooling presented in [9], a minimum life L0 (life achieved with 100% reliability) is
assumed in [7] with L0=α x L10. Equation (5) becomes then
𝐿𝐿𝑝𝑝 − α × 𝐿𝐿10
=
𝐿𝐿10 − α × 𝐿𝐿10
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(6)

And from (6), the ratio Lp/L10 can be derived:

𝐿𝐿𝑝𝑝
= 𝑎𝑎1 = α + (1 − α) ×
𝐿𝐿10
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(7)
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From equation (7) and the extra assumption that the shape parameter β equals 1.5, the reliability factor 𝑎𝑎1 is obtained in [7]. Therefore the life Lp becomes:
𝐿𝐿𝑝𝑝 = 𝑎𝑎1 𝐿𝐿10

(8)

Notice that this derivation (from [7]) requires that Lp follows closely a 3-parameter Weibull distribution with β
equals 1.5. In addition, [7] presents the calculation for 2 values of α, namely 0 and 0.05 and the final ISO 281 [11]
applies α =0.05. Whether these assumptions are in general valid or not, can be questioned.

Indeed, the latter is essentially based on the extensive pooling (2520 bearings tested with 2230 failures) presented
in [9]. In this reference [9], the reliability plot shows a bending respects to the straight lines (Weibull 2-parameters).
This bending leads to an assumed L0 around 0.004, while L10 is estimated as 0.1, the factor 0.05 is an approximation
of the ratio 0.004/0.1 (using the values as in [9] or 0.4/10 as in Figure 1 with a different normalization). But, the
final bending in [9] depends only on 2 failures (out of 2230). Later on, further pooling of test data [13, 14, 15]
were in line with [9] (see Figure 1 with normalized pooled data). Nevertheless, these references are more than 30
years old and the increased performance of bearings and steels may affect different reliability levels in different
ways. Typically, a better steel will improve the overall performance of the population (modification of 𝑎𝑎𝐼𝐼𝐼𝐼𝐼𝐼 ) but
not the very early failures in the same range. The 0.05 factor may then become larger. Extensive pooling of data
shown in Figure 3 demonstrates that the Weibull 3-parameters assumption may not be valid in general.

Figure 1 - Normalized pooled bearing data reproduced from [9]
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Appendix B offers an overview of the extrapolation method for the Weibull distributions and two values of the β
parameters (1.5 and 1.1, corresponding the 2 classical assumed values for bearing lives).

3. Quality of the estimation of high reliability levels
Here some details are given regarding the precision of the estimations and the effect of the parameter settings. In
the first subsection the Maximum Likelihood method is taken into account and quantitative evaluation on the
robustness of target parameters is provided. In the second subsection the effect of deviations in the distribution
parameter is quantified.
3.1. Precision of the estimations
Any parameter estimation comes with a confidence interval. This depicts the interval within which the target
parameter lies with a chosen confidence level. The width of the confidence interval is a good indicator of the
precision of the estimation. The classical confidence interval for L10 is [L10,5 , L10,95]. The levels 5 and 95 in the
subscript correspond to the level of confidence associated with the calculation. This means that for 90% of such
confidence intervals, the true value of L10 will lie inside. For example, with L10,5 = 100 Mrevs and L10,95 = 800
Mrevs, it means that the true L10 has then 90% chances to lay between 100 and 800. The precision of such intervals
is measured via the ratio between the upper and lower bounds. For example, with L10,5 = 100 Mrevs and L10,95 =
800 Mrevs, we get a precision of 8 (800/100) while with L10,5 = 300 Mrevs and L10,95 = 600 Mrevs, the precision
improved to a factor 2 (600/300). Although 5 and 95 are classical confidence levels, other values can be used. For
instance 10 and 90 are also sometimes used leading to the interval [L10,10 , L10,90].
The precision depends on many factors, mostly the following ones:

i. Fit between data and model
ii. Sample size
The first factor is related to the discussion about the extrapolation (see Appendix B) since all the models have a
scope of applicability. Weibull models are historically targeting L10 estimation. Moreover, the failure modes accounted in the early life might be different from the one encountered around the L10 (see Section 3.2). Therefore,
the fit between the data and the model can be poor. The sample size is also a key issue in the high reliability
precision. The width of confidence interval is directly related to this size. For Gaussian models, the precision
increases at a speed of order √n where n is the sample size. It means that the confidence intervals width decays
following 1/√n. For Weibull models, the situation is different and there is no formula for that width. Nevertheless,
Monte Carlo simulations have been run to evaluate this precision speed increase on tests of n bearings up to (0.2
× n) failures. The result is that the interval width (ratio between the upper and lower bounds of [L10,5 , L10,95]
confidence intervals) decays towards 1 in a less predictable way. Namely, the logarithm of the ratios decays to 0
as 1� 1� . The latter decay has been obtained by extensive Monte Carlo simulation similar to the one in Figure 2
𝑛𝑛 3
with increasing values for the sample size n leading to the above mentioned decay. This being valid also for L5
and L1. This decay being independent on β. Figure 2 is showing the impact of the sample size onto the width of
the confidence interval. The data used to build Figure 2 are randomly generated (Monte Carlo simulations). For
the sake of clarity, samples have been scaled at different decades to avoid superimposed intervals, only width of
intervals have to be seen from Figure 2.
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Figure 2 - Width confidence interval on L1, L5 and L10 and their evolutions with sample size (all samples censored at the
time of the Xth failure where X = 20% of the sample size)

Figure 2 clearly shows the high risk of a too high reliability level estimation, like the L1 parameter which keeps an
uncertainty of factor 100 at a sample size typical for a life test (30 bearings).
From Figure 2 and extended Monte Carlo simulations, minimum sample sizes can be derived for life percentiles
L1, L5 and L10. The Monte Carlo simulations were done, for each sample size, with 10,000 runs each. The large
number of runs ensures stability of the results. They were using parametric (Weibull) random generator at the
same Beta value (1.1, typical of bearing life). The input L10 value was taken as 1 since it is only a scale factor.
These minimum sizes are divided in two sets, a strict minimum size and a recommended one offering better robustness. The recommended sizes correspond to a high probability for the confidence interval to have a ratio less
than 10 between its upper bound and lower bound. This ratio 10 is coming from long time experience in life testing
where performance comparison needed at least one decade to be conclusive. As for the minimum number of failures, the ratio of 20% of the sample size taken in Figure 2 must be kept to achieve enough failures and then a good
fit with the Weibull statistical distribution. This value (20%) is chosen to ensure failures below and above the
target life percentile L10 corresponding to 10% failure.
Reliability level

Min. Sample Size

Min. No of Failures

Recom. Sample
Size

Recom. No of Failures

L1

100

20

200

40

L5

40

8

50

10

L10

20

4

30

6

Table 1 – Rules on minimum sample size and number of failures for different target reliability levels
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The results in Table 1 show clearly that in order to have a good accuracy in reliability levels of L1, a substantially
higher number of failures is required, which means that a much greater number of bearings need to be tested in
comparison to more conventional reliability levels like L10. In practice this does not have economic sense, thus it
is not common practice.
3.2. Treatment of experimental data
As seen in Section 3.1, the precision and accuracy of the statistical estimation of the life parameters (whatever
choice has been made for a life model) is very sensitive to the sample size. Therefore, it is valuable to extend the
sample size as much as possible. When dealing with test data, a solution is to pool these data. Such a pooling needs
to be done carefully to guarantee homogeneity among the individual data sets. The pooling should then stick to
one of the following two cases:
i. Pool data coming from tests of the same product of same size under similar conditions.
ii. Pool data coming from tests of the same product under scalable sizes and conditions.

By "scalable", the authors mean that the lives can be compared via a multiplication factor (same β in the case of
2-parameters Weibull data). In such a case, a physical model (or a prior knowledge) can help to develop this
multiplication factor. For example, rolling bearings under the same contact pressure but different geometries or
bearings with the same geometry and same contact pressure but different sizes and loads. This can typically be the
case for a size effect within a unique size range (e.g. two different medium sizes). Then, one size and condition
are chosen as reference and the data coming from other sizes and / or conditions are rescaled according to a multiplication factor. Then, the data are pooled together with the reference. Such a pooling is of great interest for the
quality of the life parameter estimation but it relies on the identical β assumption and the multiplication factor
chosen. For instance, a difference of 10% in β between two pooled test samples may lead to an error (lack of
accuracy) of 5% on L10, 10% on L5 and 20% on L1 once these reliability levels are estimated from the pooled data.
Pooling test data is common practice in bearing endurance testing, extensive pooling of test data has been done in
the past [9] and the authors have performed new pooling here (From large amount of in-house endurance tests on
CRB’s, SRB’s and TRB’s). Figure 3 shows three examples of pooled experimental data (for the 3 different bearing
types) leading to very different behaviors for the early failures.
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Normalized Life

(a) Case 1

Normalized Life

(b) Case 2
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Normalized Life

(c) Case 3

Figure 3 – Various trends at high reliability with endurance test data performed in-house with three different bearing types.

The 3 cases of Figure 3 (a), (b) and (c) correspond to extensive pooling of actual bearing data for 3 different
bearing types, they cover around 100 samples allowing for high reliability level estimation even for L1.
Nevertheless, the first failures show 3 different trends towards these high reliability levels (L1). This behavior
shows the risk of assuming a theoretical Weibull distribution (2 or 3 parameters) when the reality might be more
complex. The potential deviation between the assumed statistical distribution and the actual one will lead to severe
error in the estimation with high reliability levels. Such error for L1, is illustrated in Figure 3 where the plot (c) fits
with a 2-parameter Weibull, the plot (b) fits with a 3-parameter Weibull and the plot (a) has no known theoretical
fit.
Figure 3 also illustrates clearly the high risk of having any estimation of reliability levels beyond L1. Indeed, the
discrepancies observed at the L1 levels can only increase when moving further into higher reliability levels.

4. Good Practice Principles
Next, based on the results shown in this paper some good practice recommendations are given in order to
statistically assess bearing life from endurance testing results for medium and high reliability levels.
•

•

•

Limitations
If the test target concerns the L10 or higher reliability levels, then it is recommended to stop the test after
maximum 50% of the tested item has failed or has been suspended (for sudden death tests, an item is a
full group of individuals): above the L50 the distribution of failures may deviate from any of the Weibull
models and late failures will then affect the accuracy of the estimation.
Without experimental evidence, the comparison between the failure modes at stake for the high reliability levels and the ones at stake for classical levels (like L10) may not be valid or weakly linked. This can
be illustrated by the classical examples of human life where the reason to die around the L10 (~ 60
years) is very different from the reason to die around L1 (~15 years). To that respect, the Weibull 2-parameters offers the most conservative approach among the Weibull distributions.
Size of the data set
The strict minimum sample size for testing is 20 for the L10 estimation, 40 for the L5 estimation and 100
for the L1 estimation. At these levels the variability of the results from the simulation is still high. The
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•
•

•
•
•

recommended minimum size to avoid these variability leads to the following recommended minimum
size: 30 for the L10 estimation, 50 for the L5 estimation and 200 for the L1 estimation.
Ensure to reach at least 20% failures among the sample set in the test (to ensure a proper fit with a
Weibull distribution).
Pooling data sets is often necessary but it brings extra noise from potential variation in β introduced in
the different tests. Only tests with close operating conditions should then be pooled to limit the risk of
having different β.
Statistical model
Use the Exponential model when a strong prior knowledge is giving reliable guess for the β value. Always use the lowest available assumption for β.
Use the Weibull 3-parameters model for L1 estimation in cases of very large sample sizes (at least 200
tested items, still with 20% of the sample to failure).
Use the Weibull 2-parameters model in any other cases. Especially when no test data can give information on the early failure at stake for high reliability levels, the Weibull 2-parameters distribution offers the safest (more conservative) approach for the same β value.

Extrapolation
In the case where no robust statistical analysis can be achieved (too high reliability expectations with respect to
the limited data available), extrapolations can be derived from estimated lower reliability levels (L10 for instance):
•

•
•
•

Although theoretically any level can be calculated, the statistical robustness of the L1 level is proven to
be very hazardous. Therefore, no reliability level beyond L1 can be recommended statistically. In particular L0 must stay a pure theoretical parameter since no 100% reliability can never be guaranteed.
Extrapolation from lower levels than L10 (like L20 or L50) is to be avoided to limit the risk of artificially
linking uncorrelated failure modes.
When extrapolating the lower bound of the confidence interval the lowest assumed β value (β = 1.1 by
default) is to be used.
Estimations of reliability level higher than L5, always have associated liability risk.

System life
The system life is a special case where high reliability levels are needed not much for the individual components
but rather to achieve usable moderate reliability levels for the entire system.
In addition to the above recommendations, a dedicated analysis of the whole system (like a FMEA – Failure Mode
and Effects Analysis) can help enlightening the dependencies between the sub-systems. Otherwise, extensive tests
are needed, however sometimes only extrapolations are feasible. As for the extrapolation, a less conservative approach for the β value can be used (β = 1.5 typically). This less conservative extrapolation should only be used for
the system life and should not be used for high reliability level for an individual sub-system.
Benefit of high reliability level estimations
Although most of the content of this article is aiming at giving practical limitations to the use of life extrapolation
estimation of high reliability levels can also be beneficial once used properly.
•
•

•

•

When extensive field data is available (getting then information on potential early failure modes), high
reliability estimations can be obtained safely from this field data directly
When field data allows to exclude the type of deviation illustrated in Figure 3a, assuming a Weibull 2parameters with a low beta (1.1) appears to be a safe approach so that extrapolation can be possible
from test data and the corresponding L10 estimation.
Once established, such high reliability level estimations can serve tracking deviation in an application.
Indeed, any early failure occurring before a high reliability value should serve as warning sign that deviations in the application (operating conditions, mounting…) are taking place.
High reliability levels are also useful and even strongly necessary to derive estimation of system life, as
explained in Appendix A.
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5. Discussion
Estimation of high reliability levels is very challenging via standard testing. Although different statistical distributions are available their performance is always limited to a minimum number of data. In this paper, quantitative
statements are given for this minimum number of data together with a comparison among the main distributions.
From this comparison, the standard Weibull 2 parameters appears to be the most robust unless extensive testing
data are available.
Apart from the choice of the statistical distribution, a key limitation for the use of high reliability levels is the risk
to derive estimates based on tests which produce different failure modes from the ones in control of those high
reliability levels. There, the Weibull 2-parameters offers also the most conservative approach.
A short description of the main statistical aspects of bearing life estimation from endurance tests has been given.
The objective is to assess whether or not (and why) extrapolation to high reliability levels in bearing life estimation
can be dangerous. From the analysis presented here, it is clear that the accuracy of the estimation decreases with
the increase of the reliability level when using a fixed number of tested samples. Very high reliability levels require
very high number of tested samples, which becomes economically prohibiting. Good practices have been revisited
in order to minimize the risks to promote severe mismatches between the estimation of high reliability levels and
true values. A potential solution to safety use extrapolation methods, like the one promoted in the ISO 281 standard
[11] is to apply it together with the extrapolation factors described in Table 2 (Appendix B).
The potential weakness of the extrapolation comes from the need to assume a beta (β) value and also the assumption that the Weibull fit (2 or 3 parameters with a fixed ratio α between L0 and L10) stays valid even towards high
reliability levels. The sensitivity to the fixed values α and β weakens the accuracy of the extrapolations. The high
reliability levels do not come directly from actual data but appear as a function of the L10 parameter. Typically, a
wrong assumption on β has an important effect onto the result. For instance, an error of 10% on β, in the case of a
2-parameters Weibull, leads to an error up to more than 20% on the L1 parameter. The precise percentage depends
on the β value and varies from 24% to 11% when β varies from 1 to 2. Likewise, an error of 20% on the true β
value leads to an error on L1 from 48% to 22% when β varies from 1 to 2. It needs to be added that such extrapolation should never be done starting from lower reliability level than the L10, for instance from the L20 or the L50.
Then, the sensitivity to the β slope becomes inapplicable.
A second key issue with such extrapolations is the validity of the statistical model towards the tail (L0). Even if
experimental data fit well with one of the chosen statistical distributions around L10, whether this model fits with
the reality down to the L5, L1 and further or not is a completely different issue. These high reliability levels correspond to early failures that could derive from a different physical mechanism than the later failures.
A practical and illustrative example can be given about such extrapolation for L1 (assumed to be equal to 0.25 x
L10 in [11]). Consider the pooled experimental data illustrated in Figure 3. Even if the beta slope is matching well
with the assumption made in [11] (β~1.5), the left hand side plot (a) (reproduced in Figure 4) shows a clear discrepancy between the extrapolation rule L1 = 0.25 x L10 and the behavior of the early failures. The value 0.25 x
L10. corresponds more to the L4, which could create a severe liability issue with a failure rate 4 times bigger than
expected. This example illustrates also the risk of having early failures off respect of the main Weibull distribution.
An adding argument against the undifferentiated use of the extrapolation rule from [11] is related to the beta
parameter. Although [11] assumes a 3-parameters Weibull and a value β=1.5, it is proven not to be the case under
all operating conditions. From [16], a 2-parameter Weibull with β~1.1 is better suited. From Table 3 the corresponding extrapolation factor should be L1 = 0.12 x L10. In this case the value 0.25 x L10. corresponds more to the
L2, which could create a liability issue with a failure rate 2 times larger than expected.
Those two concrete examples illustrate the industrial risk taken when using carelessly the high reliability extrapolation rule from [11]. If instead of 1.5, a Beta of 1.1 would be considered, a more conservative extrapolation
could be derived as shown in Appendix B.

32

Blachère et al. – Bearing World Journal Vol. 6 (2021) page 23– page 39

Figure 4 - High reliability deviation with endurance test data performed in-house on CRB.

6. Conclusion
In general, extrapolation from more moderate reliability levels (like L10) is possible but can potentially lead to
liability issues. Such extrapolation needs to apply the lowest assumed β value (β = 1.1 by default, β = 1.5 for
system life).
This is not in contradiction with extensive studies proving a better fit with the Weibull 3 parameters distribution
(and therefore higher values for L1), but it highlights the need to have a conservative approach based on limitations
of the estimation techniques when confronted to realistic test sample sizes. Indeed, the Weibull 3-parameters requires too large sample sizes to be practically used with confidence and may lead then to an overestimation of the
high reliability levels as mentioned in Table 2 and Table 3.

The main conclusions from this investigation are:
•
•
•

Extrapolation or estimation of reliability levels higher than L1 [following discrepancies already observed at L1 level - Figure 3] are hazardous and leading to severe industrial risks.
Robust estimation of high reliability levels from test or field data requires a minimum number of data
(200 for L1, 50 for L5) with 20% of the sample sets corresponding to failures [see Table 1]
Extrapolation rules from the L10 estimation or L10 calculation from an established life model must use a
2-parameter Weibull assumption with a low Beta (1.1) [see Table 3, Appendix B]
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A Appendix - Bearing life Statistical models
The Weibull statistical distribution is often used to model the randomness of physical phenomenon like fatigue of
materials or mechanical product life. It has been introduced in the setting of material strength by Waloddi Weibull
[2] and extended to a wide range of experimental data [8]. The Weibull distribution is widely used together with
its special case, the exponential distribution. The Weibull distribution itself possesses two main forms, one with 2
parameters and one with 3 parameters. The 2 parameters Weibull distribution turns into an exponential distribution
when the shape parameter β equals to 1.
In addition, a new Weibull-based distribution has been recently introduced [17] which allows having a non-zero
minimum life (life reached with 100% probability) that could be statistically estimated using the maximum likelihood method.
The purpose of the current section is to present the 3 standard statistical distributions, their scope of applications
and their restrictions. In all 3 definitions, L denotes the random variable standing for the Life duration. The distributions are given with their two most common expressions, the mathematical form with η (or λ) as a scale parameter, and the engineering form, using the 10th life percentile L10 as a scale parameter. A life percentile Lp is the
time that p% of a large population will not survive. Equivalently, Lp is the time that (100 − p)% of a large population will survive.

A.1 Exponential
Weibull 1-parameter corresponds to the exponential distribution:
𝑃𝑃(𝐿𝐿 > 𝑥𝑥) = 𝑒𝑒𝑒𝑒𝑒𝑒 (−𝜆𝜆𝜆𝜆) 𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝜆𝜆 > 0

(A1)

This is a special case of the Weibull 2 parameters distribution with β=1, but it can serve to study the case of a
Weibull 2-parameters on which the slope parameter is fixed at a known value.

A.2 Weibull 2 parameters
Weibull 2-parameters Weibull distribution:
𝑥𝑥 𝛽𝛽

𝑃𝑃(𝐿𝐿 > 𝑥𝑥) = 𝑒𝑒𝑒𝑒𝑒𝑒 �− � � � = 0.9
𝜂𝜂

�

𝑥𝑥 𝛽𝛽
�
𝐿𝐿10

with η, β, L10 > 0 ;

(A2)

The Weibull 2-parameters is the most used distribution for bearing life. It combines high flexibility due to its two
parameters while keeping a simple expression. This simplicity makes it possible to develop statistical estimation
techniques with proven accuracy and precision [18, 19, 17]. Past [9] and recent (Section 4.3) extensive pooling of
test data gives further evidence for the matching between experimental life data and the Weibull distribution, at
least in the main life span.
The main drawback of the 2-parameters Weibull model is the absence of minimum life (minimum life is a time
that all items will survive with 100% probability). Affecting mainly 2 cases:
• When high reliability level is required for a critical application, having a zero minimum life may lead to a too
conservative estimation for reliability levels strictly higher than L10.
• In a mechanical system with several bearings, the whole system life is severely affected by the absence of minimum life. Considering a system with 10 identical bearings in series (the system fails as soon as one bearing fails),
a weakest link approach makes the L10 life of the system close to the L1 of an individual bearing. Therefore a too
conservative estimate of this L1 has a strong consequence of the L10 estimation of the system. The system life is
calculated as follow:

36

Blachère et al. – Bearing World Journal Vol. 6 (2021) page 23– page 39

𝐿𝐿10 (𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑜𝑜𝑜𝑜 𝑁𝑁 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) =

𝐿𝐿10 (𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏)
𝑁𝑁

1�
𝛽𝛽

(𝐴𝐴3)

Figure 5: System life (L10 of the system) as a factor of the L10 value of an individual bearing and its dependency on the number
of bearings in the system (using equation Eq A.3)

Figure 5 depicts the behavior of equation A3 for two different values of 𝛽𝛽 and with increasing number of bearings
(n) in the system.

The individual bearing life level corresponding to the L10 (Syst.) becomes
100 × �1 − 0.9

𝛽𝛽

𝐿𝐿 (𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆.)
� 10
�
𝐿𝐿10 (𝐼𝐼𝐼𝐼𝐼𝐼.)

� = 100 × �1 − 0.9

1�
𝑛𝑛 �

(A4)

which neither depends only on n, β nor L10. The exponential decay is illustrated in Figure 6.
Please notice that this figure shows the theoretical usefulness of obtaining knowledge on the L1 or even higher
levels for an individual bearing in order to estimate the L10 of a system. Another practical solution is to study in
details the system and its interdependency between bearings. If some dependency can be proven, this will have a
significant impact on the system reliability because a failure root cause will then be counted only once. The drawback of such analysis is that it must be made case by case through a FMEA (Failure Mode and Effect Analysis).
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Figure 6. Individual life percentile corresponding to the system L10 life, as calculated from Eq. A.4

When prior knowledge allows to assume a fixed β , the Weibull 2-parameters can be turned into an exponential
distribution (in order to use the same estimation techniques). Knowing β, the random variable Lβ follows an exponential distribution with scale parameter:
𝜆𝜆 =

1
log (0.9)
=
(𝐴𝐴5)
𝛽𝛽
𝛽𝛽
𝑁𝑁
𝐿𝐿
10

A.3 Weibull 3 parameters
Weibull 3-parameters distribution:
𝑃𝑃(𝐿𝐿 > 𝑥𝑥) = 𝑒𝑒𝑒𝑒𝑒𝑒 �− �

𝑥𝑥−𝐿𝐿0 𝛽𝛽
𝜂𝜂

� � = 0.9

�

𝑥𝑥−𝐿𝐿0
�
𝐿𝐿10 −𝐿𝐿0

𝛽𝛽

with η, β, L10 > L0 ≥ 0 . (A6)

The Weibull 3-parameters is similar to the Weibull 2-parameters. The extra parameter L0 offers a great flexibility
for high reliability levels and therefore a better fit can be obtained between extensive experimental data and
Weibull 3-parameters curves. The main drawback of this distribution is the absence of known bias correction
techniques for the life parameters and the lack of robustness of the commercial Maximum Likelihood techniques
[20]. This point stays valid even if the ratio L10/L0 is fixed (having then two unknown parameters). In practice, the
L0 parameter is estimated via curve fitting (or equivalent methods) and once L0 is fixed, data can be treated as
shifted 2-parameters Weibull for which standard unbiased estimation can be performed. Such an approach relies
strongly on the accuracy of the L0 estimation.
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B Appendix. Extrapolation methods for the estimation of high reliability levels
The most usual life percentile that is accurately estimated is the L10. A way to obtain higher reliability estimation
is via extrapolation of the L10 one. This is done by fixing all the model parameters once L10 is known. This is the
method used in the ISO 281 [11, 7]
The extrapolation factor is defined as the ratio between the target reliability level and the reference one (usually
L10). Table 2 and Table 3 present a matrix with the extrapolation factors (obtained from Eq. 7) for the Weibull
distributions for a specific choice of parameters: the scale factor L10 is fixed at 1, the slope β fixed at 1.5 (Table 2)
and 1.1 (Table 3) and α = 0.05.
In terms of reliability levels, the list from Table 2 and Table 3 is taken from ISO 281 [11]. Although theoretically
any level can be calculated, the statistical robustness of the L1 level will already be proven to be very hazardous
(Sections 3). Therefore, no reliability level beyond L1 can be recommended statistically. In particular L0 must stay
a pure theoretical parameter since no 100% reliability can be guaranteed.
From a practical point of view, if no complete statistical assessment can be given (lack of data, different early
failure mode, etc), it stays possible to extrapolate calculated L10 from life model or confidence intervals using an
assumption for β. As proven in Sections 3, their sensitivity to the chosen value for the fixed parameters is even
higher. Therefore such extrapolation is not a safe process and whenever needed the most conservative assumption
for β should be taken (low β = 1.1).

Reliability level

Weibull 2

Weibull 3

L10

1

1

L5

0.62

0.64

L2

0.33

0.37

L1

0.21

0.25

L0.1

0.045

0.093

L0.05

0.028

0.077

L0

0

0.05

Table 2. Extrapolation factors towards several reliability levels using β=1.5

Reliability level

Weibull 2

Weibull 3

L10

1

1

L5

0.52

0.54

L2

0.22

0.26

L1

0.12

0.16

L0.1

0.015

0.064

L0.05

0.0077

0.057

L0

0

0.05

Table 3. Extrapolation factors towards several reliability levels using β=1.1
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