Novel analytical and numerical calculations in truncated point
contact:
Single crown profile and no misalignment
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Abstract - Novel relationships are given for calculating the contact load, tilting moment and pressure distribution
along the roller as a function of the contact deformation and tilting angle for non-truncated or truncated point
contacts described using single crown profiles. The analytical results have been calibrated versus some numerical
results obtained using a cylinder on cylinder case and an advanced model and tool that account for pressure spikes.
The final model is then successfully tested using two additional bearing types. When severe truncation occurs, the
results tends asymptotically towards a newly line contact relationship, close to the Palmgren’s one.
The same model is used in another described approach for calculating the load and pressure distribution, edge
pressure, and tilting moment using any profile desired.
Key words - Hertzian point contact, truncated point contact, contact pressure, pressure spikes
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List of symbols
a
half ellipse contact length (mm)
Ageom
geometrical half ellipse contact length (mm)
a*
factor function of the elliptical integral E; see
appendix
b
half ellipse contact width (mm)
b*
factor function of the elliptical integral E; see
appendix
CA
factor, curve fitted as a function of k and used
for calculating a
CB
factor, curve fitted as a function of k and used
for calculating b
CD
factor, curve fitted as a function of k and used
for calculating 
Coef
novel load correction factor curve fitted as a
function of T
CP
factor, curve fitted as a function of k and used
for calculating Pmax
dimensionless deformation =

D0

dimensionless deformation at roller-race
_

center =
Dmax
E
E1, E2
Eeq

.

.

_

.

elliptical integral; see appendix
Young’s modulus of surface 1 and 2
equivalent Young’s modulus (MPa):
.

f1, f2 and f3
F
k

x
y

rolling direction axis
axis tangent to the contact; abscissa of a slice,
nil at race center (mm)
dimensionless truncation parameter
2. 𝑎
𝑓 . √𝐷
𝐿
used in point
dimensionless load =

.√

. √𝑘

.

_

contact calculation
Greek symbols
𝜅
ratio a/b

contact deformation at ellipse center or in a
slice (mm)
*
factor function of the elliptical integrals E and
F; see appendix

deformation corresponding to the transition
point-to-line contact (mm)

contact deformation at ellipse center (mm)

geometrical interference in a slice (mm)

geometrical interference at race center
(at y = 0) (mm)

relative roller-race tilt angle (rad)
Main index
NT
non-truncated
0
at race center when y = 0
pc
point contact
pc_trunc truncated point contac

maximum dimensionless deformation when
𝐷

ratio Ageom/a

W

.

misalignment occurs

r

T

.

_

D

Pmax
Q

effective roller length (mm)
roller tilting moment around race center
(N.mm)
maximum contact pressure (MPa)
contact load (N)

miscellaneous factors curve fitted as
a function of k only
elliptical integral; see appendix
ratio of equivalent radii = Ry_eq/Rx_eq
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2. Non-truncated Hertzian point contact calculations

1. Objectives
A comprehensive survey of miscellaneous elastic calculations suggested by Houpert in concentrated contact has been presented but not really published in Ref.
[1]. It can be seen in the “Proceedings of the 2018
Bearing World Conference” (PowerPoint presentation
and three-page abstract Word document).
Among the models presented, a useful analytical relationship has been given for calculating (in a single
crown truncated point contact) the contact load as a
function of the roller-race deformation and misalignment. Analytical results have been tested and successfully validated against a few numerical results obtained using an advanced contact tool called CST, described by M. Hoeprich in Ref. [2].
At large loads, when truncation occurred, the analytical results were between 5% and 10% smaller than the
numerical results; this accuracy was considered acceptable at the time for an engineering approach.
Since retiring in April 2018, the author has pursued
this study and can now explain the slightly smaller
loads observed when severe truncation occurs.
A correction factor can be introduced for matching numerical results precisely. These numerical results can
be obtained using CST or any other advanced tool described by S. Cretu in Ref. [3].
Truncated point contact results obtained without misalignment will be presented using a few bearing type
contact cases (cylindrical, spherical and tapered roller
bearing).
A novel dimensionless analytical model will also be
derived.
The objective of this paper is to publish the models and
results presented in Ref. [1] and all these further enhancements which should help better modeling any
gear or rolling element race contact.

Hertzian models are described in Ref. [4] (Harris and
Kotzalas), Ref. [5] (Tripp) and in the appendix.
Point contacts between two surfaces are described by
four curvatures  (inverse of radius). The contact dimensions (a and b), deformation and maximum pressure Pmax can then be calculated as a function of the
load Q and two elliptical integrals (E and F) functions
of = a/b (see the appendix). The ratio k can then be
calculated as a function of  and F/E. k is the equivalent radii ratio (k = Ry_eq/Rx_eq), where x is the rolling
direction axis and y is the axis tangent to the contact
ellipse. Iterations on  are therefore required when imposing a fixed k ratio (considered by the designers as
an input while a/b is an output).
These elliptical integrals must be calculated numerically and have been tabulated as a function of F() defined in the appendix as a function of k. But they remain difficult to curve-fit as a function of F().
Houpert demonstrated in Ref. [6] that it is easier to use
k for directly calculating the contact parameters a, b,
and Pmax as a function of the dimensionless load W,
Rx_eq , Eeq and some coefficients (CA, CB, CD and CP)
only functions of k and easy to curve-fit:
𝑊
𝑏
𝑅

a/Rx_eq
b/Rx_eq
/Rx_eq
Pmax/E_eq
Q/(abPmax/1.5)

𝐶𝐵. 𝑊

𝑎
𝑅
𝛿
𝑅

𝐶𝐴. 𝑊

𝐶𝐷. 𝑊

𝐶𝑃. 𝑊

(1)

These coefficients were initially curve-fitted in Ref.
[6] using the tabulated results published by Dalmaz in
Ref. [7] (found later to be identical to the ones published in Ref. [4]) and miscellaneous ranges of k (corresponding to ball bearings, spherical roller bearings
and tapered roller bearings). The maximum value of k
was limited to 13,576. Simple relationships with a
constant factor Cte1 and exponent Cte2 defined for
each parameter have been derived in Table 1 and each
range — using, for example:
𝐶𝐴

Rib contact
k<1
Cte1
Cte2
1.1521
0.52564
1.2742
-0.0704
1.4329
-0.086
0.3252
-0.4553
0.9999
-0.0001

𝑄
𝐸 .𝑅

Ball race
1 < k < 8.74
Cte1
Cte2
1.1552
0.4676
1.1502
-0.1876
1.3201
-0.1946
0.3593
-0.2799
0.9999
0.0001

Table 1: Initial curve fitted Hertzian results
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𝐶𝑡𝑒1 ∗ 𝑘
Ball, SRB race
8.74 < k < 122.44
Cte1
Cte2
1.3085
0.4091
1.1687
-0.1974
1.4586
-0.2414
0.3122
-0.2117
0.9999
0.0000

(2)
SRB, TRB race
122.44 < k < 13576
Cte1
Cte2
1.5528
0.3737
1.1063
-0.1866
1.7138
-0.2743
0.2779
-0.1871
0.9999
0.0000
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It has been observed that minor discontinuities sometimes occur when transitioning from one range to the
next range. To avoid such discontinuities, a more accurate curve-fitting to use in the full range of k (again
𝐶𝐴
𝐶𝐵
𝐶𝐷
𝐶𝑃

1.14471 ∗ 𝑘 5.0092E-01- 1.6389E-02∗
.
∗
.
1.14471 ∗ 𝑘 .
.
.
∗
1.310371 ∗ 𝑘
0.364371 ∗ 𝑘 3.3456E-01 3.1754E-02∗

limited to13,576) has been suggested by Houpert in
Ref. [8]:

9.2220E-05∗

1.3564E-04∗

∗
.

.
∗

∗

.

.

3.2652E-03∗

-7.9909E-06∗
∗

∗
1.4202E-04∗

In this study, appropriate iterations and elliptical integral calculations (numerical or analytical when using
Tripp’s model) have been conducted for recalculating
these coefficients (CA, CB, CD and CP) and three additional factors (f1, f2 and f3, described later) in a wider
range of k (kmax = 1.E7), see Table 2, Fig. 1 and the
appendix. Maximum values of k found in cylindrical
or needle roller bearings are generally around 15,000
but larger k values have been tested for confirming the
f1 drop at very large k values, as discussed later.

1.1314E-06*

(3)

The elliptical integrals E and F especially have been
calculated in the appendix using two steps: from = 0
to 1.55 with 10,001 points, and from = 1.55 to /2,
again with 10,001 points. Tripp’s analytical solution
can be recommended when k ≥ 3,000. The accuracy on
all numerically calculated parameters (CA, CB, CD,
CP, f1, f2 and f3) obtained is then ≤ 1.10-9.
Three useful factors f1, f2 and f3 (explained next) have
also been introduced:
𝑓

.

.

𝑓

.
√

𝑓

.

(4)

FINAL Proposal using two steps integration and Tripp's results when k > 3000
k
1.00E+00
5.00E+00
1.00E+01
1.50E+01
2.00E+01
2.50E+01
5.00E+01
7.50E+01
1.00E+02
1.50E+02
2.00E+02
2.50E+02
3.00E+02
4.00E+02
5.00E+02
7.50E+02
1.00E+03
1.25E+03
1.50E+03
1.75E+03
2.00E+03
2.50E+03
3.00E+03
4.00E+03
5.00E+03
7.50E+03
1.00E+04
1.50E+04
5.00E+04
1.00E+05
5.00E+05
1.00E+06
5.00E+06
1.00E+07

CA
1.14471424
2.46053706
3.33986185
3.97089212
4.47978509
4.91342257
6.51084808
7.65098079
8.56832945
10.03544718
11.21529527
12.21896450
13.10133968
14.61741123
15.90668494
18.53194145
20.64104761
22.43391678
24.00922260
25.42388151
26.71409639
29.01273490
31.03197496
34.49819571
37.44302076
43.43223094
48.23784308
55.90271418
86.38684272
110.8118104
196.8368809
251.7627473
444.6916228
567.6039966

CB
1.14471424
0.85134358
0.74228269
0.68467792
0.64655670
0.61851121
0.53937279
0.49822729
0.47112118
0.43562375
0.41221732
0.39500829
0.38152865
0.36126617
0.34635345
0.32093108
0.30411515
0.29172286
0.28199847
0.27404636
0.26735087
0.25654714
0.24806372
0.23527614
0.225837215
0.209691781
0.198974222
0.184832185
0.148687643
0.131282444
0.098502499
0.087097332
0.065534682
0.058006673

CP
0.36437386
0.22793269
0.19259435
0.17561717
0.16484569
0.15711212
0.13596114
0.12525549
0.11828035
0.10921772
0.10327720
0.09892380
0.09552093
0.09041565
0.08666469
0.08028024
0.07606268
0.07295681
0.07052069
0.06852917
0.06685275
0.06414836
0.06202528
0.05882570
0.056464436
0.052426135
0.049745831
0.04620946
0.037172255
0.032820764
0.024625648
0.021774343
0.016383672
0.014501669

CD
1.31037070
0.96781720
0.83322566
0.75999140
0.71072964
0.67411249
0.56937293
0.51436526
0.47805893
0.43058469
0.39941868
0.37662196
0.35885723
0.33234251
0.31300298
0.28045362
0.25926943
0.24386336
0.23190916
0.22222892
0.21414898
0.20125597
0.19126505
0.17644312
0.165699204
0.147742567
0.136139846
0.121251917
0.085680874
0.070013827
0.043596129
0.035485213
0.021922461
0.017791102

f1
0.50000000
0.31494739
0.26950705
0.24852180
0.23555897
0.22643564
0.20231444
0.19057789
0.18309803
0.17356652
0.16742572
0.16297509
0.15952320
0.15438493
0.15063750
0.14430431
0.14014519
0.13709121
0.13469928
0.13274520
0.13110063
0.12844695
0.12636192
0.12321403
0.120884317
0.116880883
0.114205792
0.110647029
0.101328071
0.096669929
0.08739908
0.083950324
0.07693306
0.074269923

f2
2.00000000
5.00222517
7.31774349
9.10990283
10.62759414
11.96872603
17.25715303
21.33591598
24.78480088
30.58703869
35.49167710
39.82094651
43.74061196
50.71162320
56.86374232
69.98748602
81.07483456
90.85771703
99.71239398
107.86276927
115.45492918
129.34340063
141.91281072
164.25704841
183.9673121
225.9900473
261.4720362
321.0839401
590.2495361
837.5758337
1885.439089
2672.992597
6006.815447
8510.871175

Table 2: Results obtained using the two-step integration process and Tripp’s models when k > 3000
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f3
0.66666667
1.05029184
1.31478896
1.50933965
1.66895012
1.80676406
2.32758086
2.71076928
3.02536546
3.53925718
3.96147977
4.32654813
4.65176168
5.21940687
5.71054147
6.73299723
7.57483225
8.30386271
8.95412491
9.54551016
10.09080897
11.07584397
11.95491713
13.49251507
14.82584193
17.60927753
19.90774728
23.684656
39.8725647
53.97893067
109.8570946
149.5990631
308.0817944
421.4011625
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Fig. 1: Results obtained using the two-step integration process and Tripp’s models when k > 3000

𝑉

Note that the decrease of f1 versus k at very large k ratios is confirmed and will be used later for defining the
product 𝑓 . 𝑓 . and Qlc_CST (also defined later) at very
large k ratios.
Last, but not least, appropriate curved-fitted relationships must be suggested for calculating all Hertzian
factors CA, CB, CP, CD, f1, f2 and f3 (called V next) as
a function of k using the following curve fitting model:

𝑉

∗𝑘
𝑉
𝑙𝑛
𝑉
𝑙𝑛 𝑘
𝑙𝑛 𝑘

𝑌
𝑋
𝑌
𝑎0

𝑎 .𝑋

𝑎 .𝑋

∗𝑘

.

𝑎 .𝑋
𝑎 .𝑋

𝑎 .𝑋

𝑎 .𝑋

𝑉
𝑉

.

.

.

.

.

5

The exponent Y can be defined for any k ratio and
curve fitted as a function of X using a polynomial regression of Degree 6.
The results obtained and accuracy obtained are shown
in Table 3:
X  ln(k )
Vcf  Vk 1 * k a6 . X
CA
CB
CP
CD
f1
f2
f3

V_k=1
1.1447E+00
1.1447E+00
3.6437E‐01
1.3104E+00
5.0000E‐01
2.0000E+00
6.6667E‐01

FINAL Proposal using two steps integration and Tripp's models when k > 3000
6

 a5 . X 5  a4 . X 4  a3 . X 3  a2 . X 2  a1 . X  a0

a6
‐1.7054E‐08
2.1284E‐08
‐4.2305E‐09
‐5.4492E‐09
2.2503E‐08
‐1.4329E‐08
8.1738E‐09

a5
9.2012E‐07
‐1.3952E‐06
4.7513E‐07
2.7437E‐07
‐1.1945E‐06
7.8294E‐07
‐4.1156E‐07

a4
‐1.8076E‐05
3.7742E‐05
‐1.9666E‐05
‐4.3875E‐06
2.2464E‐05
‐1.5882E‐05
6.5813E‐06

kmax = 1.00E+07
a3
1.2668E‐04
‐5.4190E‐04
4.1523E‐04
‐2.3270E‐06
‐1.2435E‐04
1.2784E‐04
3.4905E‐06

a2
6.6073E‐04
4.3627E‐03
‐5.0234E‐03
9.8797E‐04
‐1.6487E‐03
1.6675E‐04
‐1.4820E‐03

a1
‐1.8774E‐02
‐1.7831E‐02
3.6605E‐02
‐1.5832E‐02
3.4605E‐02
‐1.0858E‐02
2.3747E‐02

a0
5.0359E‐01
‐1.6456E‐01
‐3.3903E‐01
‐1.6530E‐01
‐3.3829E‐01
5.8625E‐01
2.4796E‐01

ABS(error)_max
8.76E‐04
4.41E‐04
4.34E‐04
3.07E‐04
1.18E‐03
7.22E‐04
4.61E‐04

Table 3: Curve-fitted results obtained using the very large k range (kmax = 1.E7).

Using the numerical results as reference, the relative
error of the curve-fitted results can be defined as
ABS(Vcf - VNum)/VNum and is smaller than 1.182E-3

The accuracy of the curve-fitted results can be improved (relative error < 6.49E-5) when limiting the
maximum value of k to 15,000 found when studying
real bearing cases, cylindrical or needle roller bearing
for example.
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X  ln(k )

FINAL Proposal using two steps integration and Tripp's models when k > 3000

Vcf  Vk 1 * k a6 . X

6

V_k=1
1.1447E+00
1.1447E+00
3.6437E‐01
1.3104E+00
5.0000E‐01
2.0000E+00
6.6667E‐01

CA
CB
CP
CD
f1
f2
f3

5

4

3

2

 a5 . X  a4 . X  a3 . X  a2 . X  a1 . X  a0

a6
‐1.4367E‐07
3.3911E‐11
1.4364E‐07
‐4.9945E‐08
1.9362E‐07
‐1.1870E‐07
7.4918E‐08

a5
5.6673E‐06
‐7.4826E‐07
‐4.9190E‐06
1.9428E‐06
‐7.6101E‐06
4.6959E‐06
‐2.9143E‐06

kmax = 1.50E+04

a4
‐8.8850E‐05
3.0316E‐05
5.8534E‐05
‐2.9265E‐05
1.1812E‐04
‐7.4218E‐05
4.3898E‐05

a3
6.5751E‐04
‐5.0229E‐04
‐1.5523E‐04
1.8428E‐04
‐8.4180E‐04
5.6537E‐04
‐2.7642E‐04

a2
‐1.4211E‐03
4.2662E‐03
‐2.8451E‐03
2.5604E‐04
1.1651E‐03
‐1.5492E‐03
‐3.8406E‐04

a1
‐1.4797E‐02
‐1.7748E‐02
3.2545E‐02
‐1.4433E‐02
2.9230E‐02
‐7.5801E‐03
2.1650E‐02

a0
5.0075E‐01
‐1.6456E‐01
‐3.3619E‐01
‐1.6630E‐01
‐3.3445E‐01
5.8391E‐01
2.4946E‐01

ABS(error)_max
4.07E‐05
2.41E‐05
6.49E‐05
1.45E‐05
5.53E‐05
3.35E‐05
2.17E‐05

Table 4: Curve-fitted results obtained when limiting k to 15,000.

Finally, in a non-truncated point contact (index NT),
the point contact load and contact ellipse half-length
dimensions can be defined as a function of the maximum deformation max using the factor f3 and f2:
Q pc  QNT 

Eeq . Rx _ eq
CD1.5

.

1.5
max

 f3 .Eeq . Rx .

1.5
max

 K PC .

1.5
max

than aNT. A ratio r can be introduced for capturing the
ratio Ageom/aNT.

(6)

1
3

 QNT 
CA
f
aNT  CA.Rx _ eq . 
. Rx _ eq . max  2 . Rx _ eq . max

 E .R 2 
2
CD
_
eq
x
eq


 QNT
bNT  CB.Rx _ eq . 
 E .R 2
 eq x _ eq

1

where max is the deformation at the contact ellipse center and the coefficients f2 and f3 have been curve-fitted
as a function of k.


4

.Pmax .2.b.dy 

2

.Eeq .

CP.CB
. max .dy  Eeq . f1. max .dy
CD

with

f1 



𝜃. 𝑦

.

_



.

.√

. √𝑘

(9)

.

𝜃. 𝑟. 𝑦

.

(10)

_

𝐸 . 𝑓 . 𝛿. 𝑑𝑦

(11)

The latter load will be corrected later by a correction
factor called Coef.
When using a roller of contact length L, one can define
the left- and right-side abscissa of the contact using:

𝑦

𝑚𝑎𝑥

𝑦

𝑚𝑖𝑛

.

.

_

;

 CP.CB
2

.

CD

When using a single crown profile (i.e., a roller having
an equivalent crown radius Ry_eq on a flat plane) and
when no misalignment occurs, the maximum elastic
deformation max or 0 at the contact ellipse center (at
y = 0) is equal to the maximum geometrical interference  at the contact center.
The geometrical interference  along the roller-race
contact can be calculated as a function of and
where  is the relative roller-race misalignment. For
example, at the roller-IR contact:



𝛥

𝑑𝑄

CB
b
. Rx _ eq . max
CD



√ .

.𝛥

At y = 0: = 0 = 0; at y = aNT: = 0.
In a first or initial step, it is assumed that the load in
any slice can be calculated using:

Before studying truncated contact, let’s remind that
when no truncation occurs, the load dQ in the slice (of
width dy) located at the contact center (where Pmax and
the maximum deformation max are found) can be calculated by extending the logic described in Ref. [9].
The y axis is tangent to the contact, going from left to
right and the factor f1 is used for calculating dQ as a
function of max:
(7)

dQmax 

𝑟

𝛿

3. Truncated point contact

Pmax

2. 𝑅

For ensuring zero deformation at abscissa y = aNT (and
not Ageom), the deformation  at any abscissa y can be
estimated using the product (r.y) instead of y:

3
CB
. Rx _ eq . max
 
CD



CP

.Eeq . max
Rx _ eq
CD

𝐴

.

.

_

;

(12)

Truncation occurs when ±L/2 defines the contact
boundaries.
Since the load dQ versus  relationship is linear, and
because  versus y is a polynomial degree 2 relationship (when single crown profile is used), it is easy to
analytically integrate dQ along the y axis for obtaining
the load corresponding to truncated or non-truncated
contact:
𝑄 _

(8)

𝐸 .𝑓

A positive value of  corresponds to an anti-clockwise
rotation (tilt) of the roller.
When no misalignment occurs, the geometrical interference is nil at abscissa Ageom, always slightly larger

.

∗

.

.

⋅
Ref.

𝛥 𝑦
⋅
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_

𝑦

𝑦

𝑦
.

𝑦

𝑦

(13)
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Note that r was fixed to 1 in Ref. [9] and that  instead
of .r was used in Ref. [1].
Note also that the non-truncated load can be defined as
. 𝑃 , leading to the following relationships:
QNT 

T represents the truncation level (T = 2.aNT/L), its lowest value being limited to 1 when no truncation occurs.
So, for a truncated or non-truncated contact, one can
initially suggest the following relationship (which will
be corrected later using a correction factor called
Coef):
3
1
𝜋 𝐶𝑃. 𝐶𝐵
2. 𝐶𝐴
.
.
𝑓
𝑓
4 𝐶𝐷. 𝐶𝐴 2 𝐶𝐷
√𝐶𝐷
𝛥 .𝑅 _
𝛿 .𝑅 _
T 𝑓 . √𝐷
𝐷
𝐿
𝐿

 QNT 
2
2
.Pmax . .a.b  . .Eeq .CP.Rx _ eq CA.Rx _ eq CB. 
 E R 2 
3
3
 eq x _ eq 

2
. .CP.CA.CB  1
3

 CP.CB
2

.

CD

3
1
 .
 f1
4 CD.CA

(14)
It has been demonstrated in Ref. [1] that when the misalignment is nil and no truncation occurs, Qpc_trunc (obtained by integrating dQ along the y axis) is analytically exactly equal to the non-truncated point contact
load Qpc or QNT, explaining why the same integration
logic and corresponding Qpc_trunc relationship has also
been suggested for studying truncated point contact.
In the context of this study, when no misalignment occurs, a novel dimensionless approach can be suggested
for
calculating
the
dimensionless
load
. 𝑅 _ / 𝐸 . 𝐿 as a function of the dimen𝑄 _
sionless deformation D. The dimensionless parameter

_
.

𝑓 . 𝐷. 𝑀𝑖𝑛 1, 𝑇 . 1

.

,

(15)

_

4. Test without misalignment:
It is now easy to map k and D for calculating the dimensionless load, see Figure 2, obtained when studying a cylinder-on-cylinder case or equivalent cylinder
on one plane.
The corresponding maximum contact pressure in a
non-truncated point contact can be calculated using:

Pmax  Eeq .CP.

L
Rx _ eq

.

D
CD

(16)

Fig. 2: Initial results obtained when scanning D and k

The same trend has been observed when using the
Modified Teutsch approach described later.
This behavior (load decrease when increasing k) seems
suspicious since it is expected that a line contact (simulated using a very large k ratio) should be stiffer than
a truncated point contact (simulated using a smaller k
ratio).
The numerical explanation for such abnormal behavior
is that f1 is continuously decreasing when k increases
(a point confirmed by using very large k ratio), while
the bracket term used in Eq. (15) increases with k but
reaches an asymptotic value of 1 when k is very large.

Non-truncated point contact occurs at low k and D values when T < 1, while truncated point contact can be
observed at large k and large D values when T > 1.
In this study, the author noticed a suspicious abnormal
behavior occurring at very large k and large D values
when severe truncation occurs and T > 1.85
As shown in Figure 2, when fixing the deformation and
increasing k, the load increases until it reaches a maximum value, then decreases slightly as k increases. It
can be demonstrated that the latter maximum value is
reached at any D levels when T= 2.aNT/L ≈ 1.85 or k ≈
0.618*D-0.978.
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𝑄

The physical explanation for such abnormal behavior
is that, although moderate, coupling effects between
slices cannot be ignored when calculating pressure and
loads in truncated contacts. When analytically integrating the loads dQ (a function of the deformation 
in one slice only), these coupling effects are not considered.

.

𝑤𝑖𝑡ℎ 𝑇

𝑓 . √𝐷

1 𝑀𝑖𝑛 1, 𝑇
.
3
𝑇

𝑤𝑖𝑡ℎ

𝐷

Beside the novel dimensionless approach and contact
parameters curve-fitted in a wide k range, the primary
novelty of this study lies in the introduction of a correction factor called Coef, used for matching the analytical truncated point contact results to the “exact” numerical results obtained using the tool CST (explained
in Ref. [2]). The CST case studied corresponds to a
cylinder on cylinder case having an equivalent radius
Rx_eq equal to 10 mm, equivalent Young’s modulus Eeq
equal to 2.26*105 N/mm2 and roller length L equal to
30 mm. The deformation  was fixed to 0.045 mm for
obtaining a dimensionless deformation D equal to 5.E4. Several values of Ry_eq were simulated for modifying
the k ratio.
Note that pressure spikes are included when calculating QCST.
Coef has been defined as the ratio QCST/Qpc_trunc and
was indeed slightly larger than 1 as soon as truncation
occurred but was equal to 1 when no truncation occurred (confirming the excellent match between QCST
and QNT in non-truncated point contact cases).
This correction factor was then curve-fitted as a function of the dimensionless previously described parameter T for suggesting:
𝑀𝑎𝑥 1, 𝑇

_

𝐶𝑜𝑒𝑓. 𝑓 . 𝐷. 𝑀𝑖𝑛 1, 𝑇 . 1

5. Introduction of a correction factor called
Coef

𝐶𝑜𝑒𝑓

_

𝐸 .𝐿
𝑅_

(18)
𝛿 .𝑅

_

𝐿

T 𝑓 . √𝐷𝐶𝑜𝑒𝑓
𝑓

.

.

𝑀𝑎𝑥 1, 𝑇
.

.

.

𝑓

.
√

Note the compactness of the latter relationship. The
match with CST results is now very good (see Figure
3, calculated with D = 0.0005 or = 0.045 mm in the
cylinder-on-cylinder case).

Fig. 3: New results obtained using Coef and scanning on k
only, with D fixed to 0.0005

(17)

The correction factor varies between 1 and 1.4 in this
case.
When using Coef and scanning on k and D, one obtains
the following two Figures

When no misalignment occurs, the novel and final suggested truncated or non-truncated dimensionless point
contact load then reads:

Fig. 4: The new dimensionless load (using Coef) obtained when scanning on k and D
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Fig. 5: The new dimensionless load (using Coef) obtained when scanning on k and D

The Palmgren load (upper curve), as well as the load
corresponding to another model (pc_lc_CST, dotted
line curves) accounting for a smooth transition from
point to line contact, are also shown in Figure 5. These
two load models are described later. The latter perfectly matches the new truncated point contact load.
Since the previously described dimensionless load is
a function of D and T and since T is a function of D
and f2 (hence k), it is also possible to define another
dimensionless load only function of T, see Eq. (19).
The latter relationship is simple to use and is certainly
the most compact one for calculating the point contact
load in non-truncated and truncated case. A single
master curve can then be plotted next for replacing the
set of master curves shown in Figure 4 and 5.
Engineers may however prefer to use D and k (hence
T also) as inputs when calculating the load, so that the
next developments are conducted using D and k.

.

𝑄

_

_
.
_

𝑀𝑎𝑥 1, 𝑇
2
𝑇 .
3
.

𝑇

.

. 𝑇 . 𝑀𝑖𝑛 1, 𝑇 . 1

1 1
.
3 𝑇

. 1

𝑖𝑓𝑇

1

𝑖𝑓𝑇

1

𝑤𝑖𝑡ℎ
T

Fig. 6: Single master curve proposal: QDimensionless versus T
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6. Pressure calculation:
The load dQ in each slice is also calculated using the
same factor Coef:
𝑑𝑄

𝜃. 𝑟. 𝑦

√𝐶𝐷
.

𝐶𝑜𝑒𝑓.

𝐶𝑜𝑒𝑓. 𝑓 . 𝐸 . 𝛿. 𝑑𝑦

𝐶𝑜𝑒𝑓. 𝑓 . 𝐸 . 𝛥

𝐶𝑜𝑒𝑓. 𝐶𝑃

𝑃

.
.

_

. 𝑑𝑦

(20)

𝑃

Once the load dQ is known, the maximum pressure in
any slice can be calculated using a point contact (recommended) or line contact relationship and the same
correction factor Coef:

𝐸 .

_

.
.

.

.

𝛿
𝑅

_

. √𝐷

√

. .
.

𝐶𝑜𝑒𝑓.

.

_

.𝐸 .

_

𝑜𝑟

(21)

.

. √𝐷

knowing that Ppc ≈ Plc at large k ratios, because:
.
√

.

2.

1

(22)

Fig. 7: Pressure distribution along the cylinder-on-cylinder contact,  = 0.045 mm and k = 13.6*103

Figure 7 shows one example of calculated contact
pressure distribution corresponding to the cylinder-oncylinder case with a deformation of 0.045 mm and k
ratio of 13.6*103. At the contact center, the newly suggested truncated point contact pressure is close to both
CST and the Teutsch_New pressure (model described
later). At the edge, pressure spikes occur but cannot be
predicted without considering coupling effects between the slices (as accounted for in CST and the Modified Teutsch approach).
Other examples of pressure distributions in spherical
roller bearings (SRBs) have been given in Ref. [1]

(without using the factor Coef, but by imposing the
same contact load instead of the deformation herein, so
that the contact deformation varies slightly as a function of the model used). Assuming the loads are also
similar when using miscellaneous models with a constant deformation and the factor Coef, the pressure distribution should be close to what has been shown in
Ref. [1], see the next two examples (Figures 8 and 9)
extracted from Ref. [1], at low load (non-truncated
point contact) and large load (truncated point contact).
The axis along the contact length in those two examples is called x (instead of y, as in our current work).
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Fig. 8: SRB example at low load as presented in Ref. [1] (constant load imposed)

Note how the Modified Teutsch model (initially developed by Teutsch and Sauer for line contact only) is
now also appropriate for describing point contact.

Fig. 9: SRB example at large load as presented in Ref. [1] (constant load imposed)
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When using single crown profiles and ignoring pressure spikes, the pressure can finally be approximated
at any (x,y) point using:
(23)
2

P ( x, y )  Coef .
with b  Coef .


CP
 x  y
.Eeq . max . 1      
Rx _ eq
CD
b a

used for defining a new load relationship (see Refs. [1]
and [6], among others) corresponding to a line contact.
When severe truncation occurs, the bracket term in Eq.
(18) is equal to 1 while Coef is always equal to
𝑓 . . 𝐷 . , so that the load becomes:
𝑇 .

2

CB
CA
. Rx _ eq . max and a 
. Rx _ eq . max
CD
CD

.

𝑓 .𝑓

.

𝐷

.

(24)

_

When truncation occurs, the y values are of course limited to ± L/2.
A double integration of P(x,y).dx.dy leads to the appropriate load Q.

The product 𝑓 . 𝑓 . is plotted next against k, thanks to
the very wide k that was simulated. It can be fixed to
0.3 when k is large. The small increase observed at
very large k values is due to pressure spikes and can be
considered when using 𝑓 . 𝑓 . instead of 0.3.

7. Line contact calculation:
Although beyond the scope of this paper, the latter
truncated point contact load relationship can also be

Fig. 10: Factor to use when defining QLC_CST

𝑄

The CST line contact load can therefore be defined as:
_
.

.

≃ 0.3 ∗ 𝐷

.

0.347 ∗ 𝐸 . 𝐿 . . 𝛿

(27)

Other line contact relationships are discussed in more
detail in Refs. [1] and [6], including an interesting effect of ring thickness on the load, but this topic is beyond the scope of this paper.

(25)

_

Or
3

Qlc _ CST  0.3*

E eq .L
Rx _ eq

8. Additional model using a point contact-line
contact smooth transition:

1.09 (26)
.D1.09  0.3* E eq .L0.82 .Rx0.09
_ eq .

One can also include the latter Qlc_CST relationship
when calculating the load using the point contact-line
contact model described in Refs. [6] and [1], which is
valid only when no misalignment occurs. A smooth
transition from point contact to line contact occurs
when the deformation exceeds a deformation of transition T:

The latter relationship accounts for a minor effect of
Rx_eq on the load and is close to the well-accepted “empirical” relationship of Palmgren (see the Palmgren
load also plotted in Figure 5):
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(28)

9. Improvement of the Modified Teutsch
model
In Ref. [10], Teutsch and Sauer develop an interesting
approach for calculating the load and pressure distribution (including pressure spikes with coupling effects
between slices) in line contact, using the geometrical
interference  in slices and Houpert’s line contact proposal with ring thickness effects included as described
in Ref. [6].
Some substantial enhancements have been provided by
Houpert in Ref. [1] for developing the so-called Modified Teutsch model:
 Use of a dimensionless approach with a
compliance and stiffness matrix defined
once only as a function of the number of
slices used.
 Use of Houpert’s curve-fitted factors CD,
CP and CB for defining the factor s and 1/s
and the linear elastic model (where dQ is
now proportional to the geometrical interference  in each slice) for adapting Teutsch’s
model to point contact as well.
This Modified Teutsch model is described in Figure 11,
a slide extracted from Ref. [1].
Figures 8 and 9 show some results obtained with the
latter model.
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Fig. 11: The Modified Teutsch model as explained in Ref. [1]

The novel Teutsch_New approach suggested herein uses Coef/s instead of 1/s when calculating dQ and QTeutsch_New,
as well as the new contact pressure (including pressure spikes) in each slice, see for example Fig. 7 showing a
good match with CST results.
[1] but are not discussed herein. The previously described Modified Teutsch load (including pressure
spikes) is also shown.
The calculated truncated point contact load was indeed
in some cases up to 10% smaller than the CST results,
but was deemed acceptable at this time in the context
of an engineering approach.
In this paper, the Teutsch_New approach was simply
tested in Fig. 13 using the same correction factor Coef
previously described, while the point contact-line contact model was tested using Qlc_CST, hence without considering the ring thickness effect on the load.

10. Tests using other bearing types and no
misalignment
Beside the Teutsch_New results already shown in Figure 7, one can now compare in the next two figures (12
and 13) the results published in Ref. [1] (Qpc_trunc was
then called Qpc_Trunc_approach2) to the results obtained using this newly suggested approach and the introduction
of the correction factor Coef.
Figure 12 shows some results presented in Ref. [1]
(without the use of Coef) using tapered roller bearings
and spherical roller bearings. Other models (Qpc_lc_LH)
with a ring housing thickness t were also tested in Ref.
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Fig. 12: Results presented in Ref. [1] without the use of Coef

Using next the new suggested truncated point contact
model, excellent results and match with CST results

were obtained; the Teutsch_New and pc_lc_CST results agree well, also. In this case, Coef varies from 1
to 1.2

Fig. 13: Results obtained with the newly suggested model (with the correction factor Coef)
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11. Suggested relationships accounting for
misalignment
The author suggests that a similar model should be developed and tested against CST or Cretu’s tool under
misalignment when non-symmetrical truncation occurs. The new coefficient Coef (including misalignment) could be defined in future studies and, it is
hoped, published in a subsequent paper.
Some preliminary and encouraging results have been
obtained, although they are not shown here in detail.
Using the dimensionless contact boundaries (Y =
y/aNT) and misalignment, YLeft is not equal to -YRight, but
the use of Coef can be tested with the maximum dimensionless deformation Dmax:



Coef  f2 . Dmax



0.18

with Dmax  D0 

k. 2 .Rx2_ eq
2.L2

(29)
where D0 is the dimensionless deformation at the
roller-race center.
Alternatively, assuming truncation occurs at both ends
of the contact, one could also test:
𝐶𝑜𝑒𝑓

𝑋

.

𝑤𝑖𝑡ℎ 𝑋

.

(30)

ℎ

If truncation occurs at one end only (on the right, for
example), one may also try:
𝑋

.

ℎ

1

(31)

Although not fully tested and validated, the following
truncated point contact load is suggested for studying
the roller-inner race contact:



r2
 .r 2
Q pc _ trunc  Eeq .Coef . f1    0  y2end  y1end  
y23end  y13end  
y2 end  y12end   with
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Ry _ eq

 max  
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y2 end

A dimensionless approach could also be developed for
discussion in a subsequent study and paper.
When misalignment occurs, a tilting moment around
the center of the race (y = 0) can also be calculated (see
Refs. [1] and [9]), now corrected using the factor Coef.
For example, at the roller-inner race contact, the tilting
moment applied on the roller reads:

𝑀
⋅

(32)
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Ry _ eq
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𝐶𝑜𝑒𝑓. 𝑓 . 𝐸

_

_

𝑦

𝑦

⋅
.

𝑦

𝑦
𝑦

 
 
 L
;

2



𝑦

(33)

Sign conventions should be well defined and applied
when calculating the roller-outer race contact.
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12. Conclusions and recommendations

Acknowledgments

Point contact parameters have been calculated using
two approaches for calculating elliptical integrals (numerical and Tripp’s analytical ones) in a very wide
range of k, then curve fitted as a function of k.
The new curve fitted dimensionless relationship presented herein appears quite accurate for calculating the
load in truncated or non-truncated point contact with a
single crown profile.
The new dimensionless load can therefore be easily
calculated analytically as a function of a dimensionless
deformation parameter and k ratio.
Alternatively, another dimensionless load can be calculated as a function of one single dimensionless parameter T.
The analytical results have been successfully tested
against accurate numerical results obtained using the
numerical tool CST, under conditions of no misalignment, thanks to the introduction of a correction factor
Coef equal to 1 when no truncation occurs and varying
between 1 and 1.4 as truncation increases.
Also, a new line contact relationship corresponding to
truncated point contact at very large k values has also
been developed for retrieving CST results and accounting for a smooth transition from point contact to
line contact relationship as k increases. The new CST
line contact load relationship is close to Palmgren’s relationship.
Although not extensively tested herein, it has been
shown that the same factor Coef (or a slightly modified
correction factor) can be used in the Teutsch_New approach (which includes pressure spikes and accounts
for any profile) described in Ref. [1].
The main recommendation is to further test the suggested relationships when misalignment occurs.
The same model should therefore be tested against
CST or Cretu’s tool results when misalignment and
non-symmetrical truncation occur.
Initial results obtained with misalignment and any profile (presented in Ref. [1] without the use of Coef) were
satisfactory and are expected to improve when using
the same or a revised factor Coef.
Also, the use of the same factor Coef (or a modified
correction factor) with a log profile or any other complex profile) as described in Ref. [1] should be tested
with the suggested analytical model and the k ratio defined using the main crown radius at y = 0. Preliminary
results were very encouraging.
Alternatively, the author invites any readers having access to such enhanced tools to benchmark their numerical results against the results obtained using the suggested analytical relationships described in this paper.
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Appendix: Calculation of elliptical integrals and Hertz coefficients
Using Ref. [4] (Harris) or [5] (Tripp), one can calculate the two elliptical integrals E and F as a function of the
input parameter   a / b . Once  , E and F are known, the k ratio can be derived.
Following are the relationships used:



a
b


(input )
1
2



2
2
 
1 

E   dE   1  1  2  .sin 2   .d
  

0
0 







1
2

(34)
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F   dF   1  1  2  .sin 2   .d
  

0
0 
F
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E
k
(output )
F
1
E
2

2

The numerical integrals can be conducted using 10,001 points and a degree 2 polynomial description describing
three consecutive points, leading to:

9
28
23
23
28
9
 i  N 3

Integral    yi  . y1  . y2  . y3  . yN  2  . yN 1  . yN  .x
24
24
24
24
24
24
 i 4

where yi is the value of dE or dF calculated at abscissa i and x is equal to
Using a series expansion valid at large
E and F:


2*10000

(35)

.

 values only, Tripp suggested two analytical relationships for calculating

  ln(4. )
At large  :

(36)

ETripp  1  0.5*    0.5  .

2

FTripp    0.25*    1 .

2

It is also possible to impose the k ratio. The latter input (   a / b ) is then an unknown that can be calculated
using iterations on  until the new value of  is equal to the previous one:
1

 new

F

2
  k  1 .  k 
E



(37)

In the latter relationship, E and F are calculated using the previous  value.
Tripp, Ref. [5], also recommended the use of the approximation
mation should be avoided because not accurate enough.

 k

2
3

in his relationships, but this approxi-

The elliptical integrals can therefore be calculated for any k ratio, k ranging from 1 to 1.E7 for example, see next
extreme example corresponding to k = 1.E7.
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Fig. 14: dF/d & dE/d distribution for k = 1*107

A sharp increase of dF can be noticed near  /2 (see also the zoom in Fig. 14) explaining why the accuracy
(when using Tripp’s analytical solution as reference) on the calculated integral F is not very good (despite the
10,001 points used) and equal to about 5.18E-3.
It is however possible to improve the accuracy of the numerically calculated integrals by conducting the integration
in two steps: for example, from 0 to 1.55 with 10,001 points and from 1.55 to /2 again using 10,001 points. The
relative difference with Tripp’s integral then becomes equal to 1.20E-9 and 4.0E-14 for FTripp and ETripp respectively.
In Ref. [7], Dalmaz showed tabulated results versus the parameter F() described by:

F ( ) 

1
1  1   1 




Rx1 Ry1  Rx 2   Ry 2 



with

1

  R

x1



1
1
1


Ry1 Rx 2 Ry 2

(38)

Let us introduce, as in Ref. [6], the equivalent radii ratio k defined by:

1
Rx _ eq



1
1

Rx1 Rx 2

1
Ry _ eq



1
1

R y1 R y 2

k

Ry _ eq

(39)

Rx _ eq

One can then write:

1

 

1
Rx _ eq



1
R y _ eq



1
Rx _ eq

. 1  k 1 

and

F ( ) 



1

Rx _ eq R y _ eq 1  k 1

1
1
1  k 1

Rx _ eq R y _ eq
(40)

Dalmaz’s tabulated results could therefore be shown in Ref. [6] as a function of F() or k limited to a maximum
value equal to 13,576.73, but for this study there was a need to calculate elliptical integrals and corresponding
contact parameters at larger k values.
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Using either the numerical integration or Tripp’s approach and appropriate iterations, the values of  , F and E
are then known at a given k ratio, as well as the corresponding a*, b*, *, leading to the derivation of the coefficients CA, CB, CD, CP, f1, f2 and f3, see Table 2 for example.
1

E 3

a   2. 2 . 
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*

*

1

1

2.F    3
 
.
  2. 2 .E 

a*

*


1
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1
CD1.5

Results obtained with Tripp’s models are compared in the next Figure to the numerical ones obtained using the
two steps integration procedure.

Fig. 15: Comparison of Tripp’s results to those obtained using a numerical integration in two steps

One sees that Tripp’s results are indeed not accurate enough at small k ratios (k < 10) but become very accurate as
k increases — the error being of the order of 1.10-9 or less when k is larger than 3,000.
At very large ratio, the results obtained numerically with the two steps integration procedure are however less
accurate than Tripp’s analytical results.
It can therefore be recommended to adopt the two steps integration results when k is ≤ 3,000 and Tripp results
when k > 3,000
The results obtained have been shown in Table 2 and Figure 1 with a proven accuracy of 1.E-9 or less.
Last, but not least, appropriate curved-fitted relationships must be suggested for calculating all Hertzian factors
CA, CB, CP, CD, f1, f2 and f3 as shown in Table 3 using the methodology described by Eq. (5).
Using the numerical results as reference, the relative error of the curve-fitted results can be calculated as equal to
ABS(Vcf - VNum)/VNum and is smaller than 1.182E-3, as shown in Table 3 and Fig 16.
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Figure 16: Accuracy of the curve-fitted results obtained using the very large k range.

The accuracy can be significantly improved (error < 6.49E-5) when limiting the maximum value of k to 15,000
(compatible with the maximum value of k found when studying cylindrical or needle roller bearing) as shown in
Table 4.
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